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Part I: Testing Forecasters By Betting



Growling popularity of betting-based inference n the statistics community
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Warmup: Testing whether a coin is fair

Protocol (Testing whether a coin is fair). Skeptic is endowed with a dollar (M, = 1).

Forroundst= 1,2, ...
1. Skeptic announces a signed “bet” f, € [—1,1].
2. Nature flips the coin and reveals the outcome y, € {—1,1}.

3. Skeptic ends up with wealth M, = M_; - [1 + f.y,].

1. If the coin Is fair, Skeptic is not expected to grow his wealth (M, is a martingale)

2. If the coin is biased, Skeptic can get rich by strategically choosing the bets!



T'he general framework: Testing-opy-petting '
Protocol (Testing a probability by betting). Skeptic is endowed with a dollar (My = 1).

Forecaster announces a probability distribution P € LP(Y). Then, forroundst = 1,2, ...

1. Skeptic announces a betting function B, : % — R that satisfies Ep[A(Y)] < 1.

2. Nature reveals the outcome y, € Y I/Dn theBpr(e;/ I/OZL;S ;X(Oyn;p/e/ 1W_|e_ ;Oj
— er , t — t "

3. Skeptic ends up with wealth M, = M,_, - p.(y,).

(M,) forms a test (super)martingale under the protocols filtration.

On the other hand, if Y, i~ Q # P, then Skeptic has a betting strategy (f,) to get rich!



Shafer & co-authors (1990s-2020s); Cournot (1800's)

Shafer's fTundamental principle of testing-py-petting

.« Fundamental Principle of Testing-By-Betting:

In the protocol, the skeptic discredits P to the extent that M, is large.

. Evidential interpretation of wealth: (M) is a “graduated appraisal of evidence” against P.

. “If this bet multiplies the money it risks by a large factor, we have evidence against the
hypothesis, and the factor measures the strength of evidence.” (Shafer, JRSSA21)

- "“Multiplying our money by 5 might merit attention; multiolying it by 100 or T000 might be
considered conclusive.” (Shafer, JRSSA21)

» Key rules: Skeptic's bets must be predictable at each round t, anad
they cannot bet more than what they have at each round (no-bankruptcy). 6




*Connections to likelihood ratios

. Under the rules of predictability & no-bankruptcy, (M,) is a test (super)martingale.
. Now, say the betting odds are (1 — p) : p, corresponding to the claim that Y, ~ Ber(p).

. Skeptic instead believes that Y, ~ Ber(q), 9 # p. How should they bet?

Growth-rate optimal bet (Kelly, 1956): ,BtGRO = argmaxg cr_1 1 -q[log pl=2q—-1

q"(1—q)'"
pY(1 —p)'=Y

The resulting bet is simply the likelihood ratio: ,BtG RC)(Y) =

. |n fact, any betting strategy induces an implied alternative.



Chugg, Ramdas, & Grunwald (2026)

E-value/e-process as statistical evidence

To highlight the role of test martingales as evidence, the literature shifted to the terms e-value
(single round) and e-process (seqguential rounds). Key characteristics (relatively):

Compared to p-values...

1. Both achieve frequentist validity 1. When built correctly, both can
(type I error control in repeated trials). flexibly handle optional stopping.

2. Unlike usual p-values, e-values can 2. Unlike Bayes factors, e-values always
flexibly handle optional stopping. achieve frequentist validity.

3. E-values are often “distribution-free”

3. Multiple e-values can be combined
(both handle composite hypotheses).

easily under arbitrary dependence.



Part II: Comparing Sequential
Forecasters By Betting

Based on: Y. J. Choe & A. Ramdas. “Comparing Sequential Forecasters.”
Operations Research (2023).




What does this have to do with forecasters?

. A forecaster is the bookmaker in the hypothetical betting game.

. In his book, Shafer explicitly uses the term “forecaster” as the player proposing P.

. |n testing terms, the forecaster proposes the null hypothesis.

. In practice, forecasters (e.g., meteorologists) make sequential predictions.
. This is very natural in the betting game framework & makes the forecaster’s role explicit.

. This (eventually) leads to a flexible and interpretable framework for testing forecasters.
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Testing a sequential forecaster by betting: The binary case

Suppose a Skeptic tests a Forecaster making a sequence of predictions on binary outcomes.

Protocol (Testing a sequential forecaster). Skeptic is endowed withMy=1.Fort = 1,2, ....

1. Forecaster announces a probability distribution p, € [0, 1].

2. Skeptic announces a bet fi(y) = 1+ f(y — py). b; € [—¢p, 4] Note that E, [5(Y)] = 1.

Co, C; > O are chosen s.t.
3. Nature reveals the outcome y, € {0, 1}.

4. Skeptic ends up with wealth M, = M,_, - p.(y,).

Under any law P, the forecasts p, have to be conditionally calibrated:

Ho : EplY: | Fiq, pd = Py VL.

Skeptic cannot go bankrupt.

11



Comparative ex post evaluation with scoring rules

- Essentially, for well-parametrized forecasts, we can test for conditional calibration.
(Giacomini & White, 2006:; Lai et al., 2011)

- Beyond this (e.g., distributional/nonparametric forecasts), we need (proper) scoring rules.
(Winkler & Murphy, 1968; Gneiting & Raftery, 2007; ...)

. In practice, we are usually interested in relative proper scores against a baseline.

1. Testing pointwise score differences (HZ22): 6, = E[s(P,, Y) — s(Q,, Y) | #,_1, P, Q,]

1 t
2. Testing mean score differences (CR24): A, = " Z O;
=1

12



Null hypothesis = Forecaster P is no pbetter than Q

. For such betting games to make sense, we implicitly bring in a bookmaker on the forecasters
(a “meta-forecaster”) claiming that P will perform no better than Q over time.

- The exact form of the betting function determines the specific form of the null hypothesis.

. Pointwise dominance: f,(d,) = 1 + p.d, where p, € [0, 1].

« Average-sense (mean) dominance, assuming bounded scores:

1
p(d,) = exp {ﬁdt — ywe(P)(d, — Dt_1)2}, where D,_; = — 2 d:.

t—1
1=1

Ye(f) = —log(1 = p) = p

13



Comparing sequential forecasters py betting

Game (Comparing Sequential Forecasters). Let My = 1. Forroundst =1,2,...:

1. Forecasters 1 & 2 each announce a forecast, P, € & and Q, € &, respectively.

2. Bookmaker announces a negative mean score difference* as o, < 0.

3. Skeptic announcesabet p: R — R, satisfying [ [,B(Dt) | P}t_pét] <T

4. Nature announces the outcome y, € {0, 1}, determining d, = s(P,, ;) — S(Q;, Yy).

5. Skeptic’s wealth is updated: M, = M,_; - f(d,).

*We make our betting choice independent of o;:

Choose some 8 € [0, 1] st. (d,) = exp{fd, — w=(B)(d, — D,_1)?}. y



Main result #1: Sequential comparison of time-varying forecast scores

. Let A, denote the difference in mean conditional scores over time:

% %
Ay = TZ 0; = ?Z : [S(Pi»Yi) = s(q;, Y)) | Fi_1, Pi»Qi]-

. Let 6f = (1/t)ZL. (d; — D;_;)* denote the running variance estimate.

. Let H, be the null hypothesis that “P is no better than Q on average”’, or Hy : A, < 0, Vt.

Theorem. Let s be a scoring rule bounded in [0, 1] (e.g., Brier). Then:

1
(@) M, := J exp {/ItDt — l/fE(/l)t&tz} dF(4) isan e-process for Hy : A, <0, Vt.

O M, has a closed form when F is a Gamma distribution.

(b) Under any alternative QQ (thatis, 4t : A, > 0), (M,) yields a test of power one. 15



Main result #2: Continuous estimation of time-varying forecast scores

- For parameter estimation, we may use confidence sequences (CS): N
| "'\m’\‘
0 (6,) VJ\V.':\\/‘\/A\// .
(1 — a)-level CS (Cpysq for (B iff P (Vt>1:6,€C) 21—« N
0.0 ra
—0.1 I“JJ ————— 70% CS

- In our case, the parameter of interest is a time-varying mean (A,). o o o

Time (log-scale)

Theorem. Let s be a scoring rule bounded in [0, 1] (e.g., Brier). Fora € (0, 1),

A log log t
C.:=| D, £ co,- t formsa (1 — a)-level CS for A,.

(c, < \/Iog(1 /a) is a constant.)
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Handling the log score with Winklers normalization

- Let s be any proper scoring rule on binary forecasts (e.g., the log score), and

S(p9 Y) o S(Ca Y)

“Winkler score” = w(p, y;C) =
T(p,c)

w(r, y) — realized skill

where T(p,c) = [s(1,1) —s(c, 1)]T(p = ¢) + [s(0,0) — s(c, 0)]1(p < c).

. Forany fixedc € (0, 1), wis an asymmetric proper score (Winkler, 1994),
measuring the “net demonstrated skill over the base rate” (perfect = +1).

. We can then test whether P underperforms Q in mean Winkler-log score:

w(r, y) — realized skill

- W(r, Y=1) — event occurs

== w(r, Y=0) — no event

Proposition. Let H, : W, < 0, Vt, where W, = t_12it=1 C[w(p;, Yo | F i, pil L e

Then, we can derive an (analogous) e-process and a test of power one for H,,. 17
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Statistical power re
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have validity under optional stopping.
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Data: Every MLB game’s win/loss outcomes from 2010 to 2019.

Nustration on real-world baseball forecasters s
FiveThirtyEight (P) vs. Vegas odds () on MLB games. Scoring rule = Brier

a V.02 — 90% CS ) —— Discredit P
E:: 001 § L[ O p— Discredit Q
< - T Favor P D
O 0.00 & 102
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§ 0.01 0
0. O
= i Favor Q £ 100
% n ——
-002 -+ T T T e ——e
0 10000 20000 0 10000 20000
Time, t Time, t

Confidence Sequence (C,) E-Process (¢;)

*Hy: AP, Q) <0, Vt
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Part III: Concluding Remarks



EXtensions

SMCS for the averaged loss differences Number of stations in the SMCS
HEN -
- Comparing multiple forecasters
DRN - — EPS
— EMOS
QRF 1 1004 ~— MBM
' | e o
Arnold*, Gavrilopoulos®, Schulz, & Ziegel. == - owose
. . IDR 1 —— DRN
“Sequential model confidence sets.” — N
MBM - —— HEN
JRSS-B (2026). - _-
EPS 1 . 0
20'1 6 20.1 7 20'1 8 20l1 9 2620 20'21 20|22 20'23 20'1 6 20'1 7 20‘1 8 2011 9 20120 20121 20‘22 20'23
Micro view: skeptic wealth at one store Macro view: rejection across stores and quantiles
Rossmann store 454 - a = 0.5 - Chronos?2 (foundation model) 1,115 stores - all a - Chronos2

- Feature-aware audits for . / |
sequential quantile forecasters . ,. "W

100%
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¢ based rejection 50%

Antonov*, Mukherjee*, Pibernik, & Choe.
“Bet on features: Anytime-valid and feature- = A
aware auditing of conditional quantile Y WV il , _________________________________________________________________________

forecasters.” Working paper (2026). , marginal never rejects

Jul 2014 Oct 2014 Jan 2015 Apr 2015 Jul 2015
forecast date a (quantile level) 21

- marginal === Promo === |S saturday w U | w= mixture

log wealth
rejection rate
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summary

. A betting-based approach to sequential forecaster comparison under various scoring rules

- Anytime-valid: controls false positives under optional stopping & continuous monitoring

. Tight estimation & test of power one: CS has optimal rate up to log terms

- “Worry-free”: No assumptions on forecasters or outcomes + flexible choice of sample sizes
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Thank You

Any Questions?

For more, visit https://vichoe.github.io/


https://yjchoe.github.io/

Appendix



See, e.g., Ramdas & Wang (2025)

Key desiderata: Anytime-validity & positive growth rate

- Anytime-validity: type | error control under optional stopping (or continuous monitoring).

At any stopping time 7, Ep[M_| < 1.

(Ville’s inequality) Atonya € (0, 1), P ( dt>1: M, > 1/a) < a.
. Note: By Ville’s inequality, p, = 1/M, is an “anytime-valid” p-value.

- Positive growth rate under the alternative: wealth grows exponentially fast (“e-power”).

Under any alternative Q, we want Eqllog (M/M,_;)] = Egllog f] > O ateach t.

(Robbins’ test of power one) Forz, = inf {t: M, > 1/a}, Q(r < o0) = 1. -



Credit: Aaditya Ramdas’ slides

Composite generalizations of likelihood ratios

Simple-vs-Simple LR

q(Yq, ..., Yy)
p(Y19 se ey Yt)
Frequentist LR Game-Theoretic Wealth Bayes Factor
(“E-Process™)
maxqeo q(Yq, ..., Yy) [ a(Yy..... Yom(q | @)da J,a(Yy, ... Yon(q| @)da
maxpes p(Y 1, Yo maxperp(V1 Y | p(Y1,- Yor(p| P)dp

26
*1, can be either a prior or a learned mixture over time



Sonus from Winkler (1977

+
REWARDING EXPERTISE IN PROBABILITY ASSESSMENT 138 R. L. WINKLER

the expert is penalized for any dishonesty. Given a fixed p, the ex-
pert has no control over sharpness. Thus, the only way to improve the

) expected score is to obtain further information about the situation of
Robert L. Winkler

Graduate School of Business
Bloomington, U.S.A. ness. In this sense, proper scoring rules encourage the acquisition of

interest in an attempt to change p in the direction of increasing sharp-

expertise. Since the acquisition of expertise seems desirable, this re-
sult indicates that the encouragement of honesty is not the only raison

d'étre for scoring rules in probability assessment.

In addition to their role in probability assessment, scoring rules
also play an important role in probability evaluation. Probability eva-

1. Introduction luation involves ex post considerations (i.e., considerations after the

event or variable of interest has been observed), while the concern in

Experts are valuable sources of information for individuals or this paper has been with ex ante considerations. It is possible, of

groups with decision-making problems. Moreover, the theory of perso- course, for an individual to have high expected scores that are not real-

nal, or subjective, probability, as developed by de Finetti (1937) and ized ex post, so it is important not to make the mistake of giving ex

Savage (1954), provides a framework within which experts can represent post interpretations to the results developed here. Given certain quali-

. . s . . . Lon. .  1233-
their uncertainties in a quantitative fashion. Morris (1974, pp. 123 fications, some ex post implications can be drawn from the ex ante re-

1234 i foll -
34) writes as follows sults, and a brief sketch of some implications might help to put matters

It is a rare decision that is not made in the context of in proper perspective. The link between ex ante and ex post results is
significant uncertainty. In attempting to resolve this

uncertainty a decision maker often must rely upon the
judgment of one or more other persons. We shall refer large number of situations for which the expert's probability of an event
to such a person who provides a judgment concerning un-
certain matters as an expert ... The most detailed and most
interesting representation of an expert's judgment pertaining an expert is reliable, then the expert's average actual score will equal
to an uncertain quantity is the probability function
he assigns to it.

reliability, or calibration: an expert is said to be reliable if in a

is p, the relative frequency of occurrence of the event is also p. If

the average expected score. Given reliability, then, sharpness is re-



Unitying developments across (very) ditterent tields

_ - , o ., Kumon, Takemura,
Probability Ville Martin-Lof Shafer & Vovk v v
. . . & Takeuchi
: Shafer
. . ' . Robbins, Darling, : : Griinwald et al.
Statistical inference : Wald e o T .8 . : .
Siegmund & Lai : . Howard et al.
: ' Ramdas et al.
Information theory - Kelly Jr - Cover Krichevsky & Trofimov

Online learning Z I Cesa-Bianchi Orabona. Jun. & Pal:
: | & Lugosi Rakhlin & Sridharan
e e | — e | . —
I o O O ~ ~ $ ~ ~
~~ 0 o) IS - ' S
r > S S & § ~ & N
g S S S S % S @
3 & § 4
=) = ) =~ e
~ ~ ~ ™~ ~

Figure 9: A brief selective history of betting ideas appearing (often implicitly) in various literatures. As
discussed further in Section I, these subfields have rarely cited each other, but ideas are now beginning
to permeate. Several authors did not explicitly use the language of betting, and their inclusion above
is due to reinterpreting their work in hindsight.
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Continuous Monitoring [nvalidates Classical Statistical Guarantees

« Suppose we estimate a score difference by
constructing a new Cl after every new outcome.

|
0.55 I
» The longer you experiment, the more likely S 0.50 "l —1—
/) o o > ‘ | -
you'll run into a miscoverage (at least once)! o s
040 | | -
- Analogous phenomenon for optional stopping. 0 250 500 750 1000

Time

Green: target. Red: miscoverage.
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*Comparison with frequentist sequential methods

1. Group-sequential / a-spending / naive correction methods
Requires a pre-specified total sample size / maximum number of interim checks...
..Or IS very conservative under continuous monitoring

2. Wald’s sequential probability ratio test

- Achieves validity at a particular stopping time (& requires a likelihood function)

Existing methods can be viable in some cases; however,
they are NOT generally flexible (or powertul) for continuous monitoring.

30



Ville, Wald, Kelly, Robbins, Cover, Vovk, Shafer, Grunwald, Ramdas, Wang, ...

E-value: ‘Fisthe new P

Given n data points X4, . .., X,, and a null hypothesis Hy (possibly composite), an e-value

E=E_ (X;,...,X))isany non-negative random variable satisfying:

7 9(X)
T p(X;)

= [E] <1. e.g., B =

o E-values can be used for testing Hy: for any a € (0, 1), by Markov’s inequality,
PE>1/a) <a, VPeH,.

For intersection nulls, e-values can be combined easily under arbitrary dependence:

Given e-values E@ for ng), their (weighted) average is an e-value for Hy = N, Héz):

= 2@ | _ () (2) A key benefit of using
HO[ZW E ] = ) w@E, [E?@] <1.

e-values over p-values! 31
ze/ ze/




Ramdas et al. (2020; 2022)

E-processes quantify evidence in sequential experiments

1010 — =
Data Distribution
108 Null
) —— Alternative
E-process (E,);~q 3 ge
A non-negative process for Hg L
E
= 102
For any stopping time 7, -
100 e o e -

AR

0 100 200 300 400 500
Sample Size

ANYTIME-VALIDITY An e-process is expected to be small under the null.

We want it to grow large under the alternative.
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Ville’s inequality: From e-processes to sequential tests

. Leta € (0, 1) be any significance level.

- Ville’s inequality for test martingales & e-processes:

P(It>1:E >1/a) <a, Yae(0,1).

Jean Ville

- This is equivalent to a time-uniform guarantee for sequential testing:

P(3t>1:E >1/a) <a Vae(0,1)

.#® Game-Theoretic View: If the proposed odds (H,) were accurate, then it is

unlikely (< 0.1 chance) to see my wealth grow by a lot (=10 fold), ever. -



Testing a binary forecaster in a petting game, single round

Suppose a Skeptic wants to test a Forecaster for a binary outcome Y € {0, 1} (e.g., rain).

Protocol (Testing a forecaster by betting). Skeptic is endowed with a dollar to make a bet.

1. Forecaster announces the betting odds (1 — p) : p, depending on the outcome.
2. Skeptic announces a fraction 4 € [0, 1] of money to be placedonY = 1; therestgoesto Y = 0.

3. Nature reveals the outcomey € {0, 1}.

1—4 A A —
4. Skeptic ends up with wealth S(y; 4) = (1 —y) 1 +y—=14+y(y—p) wherey = P

-p TP p(1—p)

34



Testing one sequential forecaster by betting on proper scores

Skeptic and Forecaster agree to play the game, given a proper score s : LP(Y) X Y — R.

Protocol (Testing a sequential forecaster). Skeptic is endowed withMy=1.Fort =1,2, ....

1. Forecaster announces a probability distribution P, € P(Y).

2. Skeptic announces a betting function on scores f s.t.

3. Nature reveals the outcome y, € ¥.

- [f(s(P,, Y), past) | Py, past] < 1.

4. Skeptic ends up with wealth M, = M, _, - p.(s(P,, y,), past).

[deally, large wealth = evidence of deficient proper score relative to the oracle.

35



CSvs. CI: Cumulative Miscoverage & Interval Width

Cumulative Miscoverage Rate Interval Width
For any time-varying miscov, = [P (:l StiAE Ci) U, — L, where C, = (L, Uy
sequence of parameters (A1, o 1.0 0.6
B, - 70% CS \\ ————— 90% CS
' 0.8 90% CI U R 90% C|
CS HNi (Vt WAWS Ct) 21 —-a %’ ......... g S04
— O \
% 0.4 > 0.2 - b
8 Vt,P(A,€eC)2T1-a | L0 c O
5 0.2 P ovel — ""'~----::.T_,~___~___
E L AR A 00 T mmm e
e N
102 103 104 102 103 104
Time (log-scale) Time (log-scale)

*Fixed-time Cl due to Lai et al. (2011).
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Data: Dally precipitation forecasts & outcomes at major

Data source: ECMWEF; experiment adapted from Henzi & Ziegel (2022).

llustration on ensemble weather forecasters @

FEuropean airports from 2012 to 2017

1-Day-Ahead Precipitation Probability Forecasts (Location: Brussels Airport)

1.0 x WA % % & % % KK KAA A % %
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" A
£ 0.8 N Taa A —— IDR
S 4 [ A0 i 5 @ k S
5 2 [ ¢ W ey A 4 8 \ -+ HCLR
o 06 i ' \'| /- v A .l 1 .
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- & O : % 0.4 h f ¢ | LV Pe ¢
orecasts & Outcomes: gos b o RSeAR MW AR iy
s, b AL R A WA VR VS "/“
. o U. R 7 'A @ J w A\l ‘\ A ‘
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0.0 e 000x020¢x x@® xxx % X x xxx20%x00® 99000000000 xx®
N Qo) e 9% N Qo) e 9% N
Q’VQ Q(VQ Q'V\ Qq’ﬁ/ Q””Q Q””Q 6’5\ Q”’Q/ Q“"Q
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N N 3
Date (First 60 days)
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0.15 — —
0.10
@) -
90% CS: g 00
] ) O  0.00
(incl. comparisons 3 oo
w/ climatology baseline) ~0.10
-0.15
-0.20 B/
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Comparing Ensemble Weather Forecasters @%

Dally precipitation forecasts & outcomes at four major European airports (2012-2017)

Ho : A(IDR, HCLR ) =0

0.03 104
0.02 103
)
©
001 7 107 Airport
J > P
. O —— Brussels
O 0.00 == 10
8 ""w...q::::.:::.m;; ] N R Y 1 Ty A i B Frankfurt
—0.01 : l‘v\-" ﬁ"v“‘ - ,s""‘v § 1 OO ............. London
" ts\.z,f' E m Zurich
—-0.02 10~
-0.03 102
2012 2013 2014 2015 2016 2017 2012 2013 2014 2015 2016 2017
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Data source: ECMWEF; experiment adapted from Henzi & Ziegel (2022).



Game-theoretic vs. classical statistics/propapility

Game-Theoretic View Classical View

Forecaster’s probability Null hypothesis
(or set of probabilities) (either simple or composite/imprecise)
Skeptic’s choice of the betting function Alternative hypothesis

A composite likelihood ratio

Skeptic’s wealth process | . .
(a nonnegative martingale starting at 1)
Inverse of skeptic’s wealth (Conservative) P-value

Games for which skeptic’s wealth can grow large Events of small brobabilit
(Huygens, 1600s: Ville, 1939: Ruf et al., 2022; ) . P y .




The End



