
The sequential SD testing problem:  
With a stream of data , test: 

  vs.  .

(𝖷𝟣, 𝖸𝟣), (𝖷𝟤, 𝖸𝟤), . . . ∼ ℙ𝖷𝖸

𝖧𝟢 : 𝖸 ⪯𝟣 𝖷 𝖧𝟣 : 𝖸 ⪯̸𝟣 𝖷

, : RVs with marginal CDFs , .  

 

“  has no upside”: At every threshold , 
the prob. that  exceeds  is no more 

than the prob. that  exceeds .

𝖷 𝖸 𝖥𝖷 𝖥𝖸

𝖸 𝗓
𝖸 𝗓

𝖷 𝗓

• Ville Error (cumulative type I error):  

• E-Power:     • Rejection Time: 

ℙ̂(∃ℓ ≤ 𝗍 : 𝖤ℓ ≥ 𝟣/α)
𝔼̂[𝗅𝗈𝗀 𝖤𝗍] τα = 𝗂𝗇𝖿 {𝗍 : 𝖤𝗍 ≥ 𝟣/α}

📊 Does Y have an upside over X? Particularly when… 

1. their means are not meaningfully different, or 

2. “means” aren’t even well-defined (e.g., ordinal data).

📈 Can we test for upsides in real time? We want… 

1. validity under continuous monitoring, and 

2. comparable power to classical (e.g., bootstrap) tests. 

Betting on Bets:  
Anytime-Valid Tests for Stochastic Dominance

Motivation

The sequential SD testing problem

Simulation Experiments

⚾ Application: Monitoring the 3TTO effect

Comparison with non-SAVI methods

Theorem (GRO e-process is anytime-valid & powerful). 

(a)  is an e-process for the 1-SD null . 

(b) For “reasonable” predictable mixtures ,  

is powerful against any non-1-SD alternative : 

 (yields a test of power one)

(𝖤𝗍)𝗍∈ℕ 𝖧𝟢

(ψ𝗍)𝗍∈ℕ (𝖤𝗍)𝗍∈ℕ

ℚ

ℚ (𝗅𝗂𝗆𝗂𝗇𝖿
𝗍→∞

𝖤𝗍 = ∞) = 𝟣 .

Building block: Growth-rate optimal e-values

Data: Every paired at-bat outcome against MLB pitcher Blake Snell, 
from 2016 to 2025 (regular seasons). 

Proposition. Given any alternative ,  

there is a growth-rate optimal (GRO) bet: 

ℚ ∉ 𝖧𝟢(𝗓)

λGRO(𝗓) =
ℚ(𝖷 ≤ 𝗓 < 𝖸) − ℚ(𝖸 ≤ 𝗓 < 𝖷)
ℚ(𝖷 ≤ 𝗓 < 𝖸) + ℚ(𝖸 ≤ 𝗓 < 𝖷)

.
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Main result: Mixture GRO e-process is powerful

Example: likelihood ratio process of any alternative  over .  
An e-process is a nonparametric & composite generalization.   

🎲 Interpretation as statistical evidence: how much wealth  

we multiply by betting against the odds put forth by .

ℚ ℙ

ℙ

Def.  stochastically dominates   

if  falls entirely below : 

𝖷 𝖸
𝖥𝖷 𝖥𝖸

𝖸 ⪯𝟣 𝖷 ⟺ 𝖥𝖷(𝗓) ≤ 𝖥𝖸(𝗓), ∀𝗓 .

Fact. The null  is an intersection: ,  

where 

𝖧𝟢 𝖧𝟢 = ∩𝗓 𝖧𝟢(𝗓)
𝖧𝟢(𝗓) = {ℙ : ℙ(𝖷 ≤ 𝗓) ≤ ℙ(𝖸 ≤ 𝗓)} .

To test the intersection null , we can take mixtures over 

multiple test thresholds  at each time .

𝖧𝟢

𝖹𝗍 ⊂ ℝ 𝗍

🫡 Effects of veteran status on  
future incomes (Abadie, 2002) ⚾ “3rd time effect”  

in baseball

Def. An e-process  for a composite hypothesis  is  

a sequence of nonnegative variables s.t. 

 for every  and stopping time . 

At any given time , we refer to  as an e-value for . 

(𝖤𝗍)𝗍∈ℕ 𝖧

𝔼ℙ[𝖤τ] ≤ 𝟣 ℙ ∈ 𝖧 τ

𝗍 𝖤𝗍 𝖧

Lemma. Fix any test threshold . For any , 

 

is an e-value for . (  is the “betting parameter”.)

𝗓 ∈ ℝ λ ∈ [𝟢, 𝟣]
𝖲(λ, 𝗓) = 𝟣 + λ[1(𝖷 ≤ 𝗓) − 1(𝖸 ≤ 𝗓)]

𝖧𝟢(𝗓) λ

Multiplying these e-values yields an e-process: .𝖤𝗍 = Π𝗍
ℓ=𝟣𝖲ℓ


